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Abstract 

We review the properties of characters of the N=4 SCA in the context of a 
non-hnear sigma model on iC3, how they are used to span the orbits, and how 
the orbits produce topological invariants like the elliptic genus. We derive the 
same expression for the K?) elliptic genus using three different Gepner models 
(1^, 2^ and 4^ theories), detailing the orbits and verifying that their coefficients 
Fi are given by elementary modular functions. We also reveal the orbits for the 
1^2^, 1*^4 and 1^4^ theories. We derive relations for cubes of theta functions and 
study the function i Enez(-1)"(6"- + 1)'' g(6"+i)'/24 A; = 1, 2, 3, 4. 



1 Introduction 



In the mid eighties, many efforts were deployed to find the characters of the N=2 superconformal algebra 
(SCA), culminating in the work of [RY-87, G-88] . The N=2 characters are defined by tr qLo-c/2iyJo ^j^j^ 
Lq the Virasoro operator and Jo the U{1) charge.^ They fall into two classes: those for continuous central 
charge c > 3 and those for discrete c < 3, namely c = 3k/ (k + 2) with k being the level. 

In the first class, the characters for massive representations are proportional to •d^{z)/rf (in the NS 
sector), while those for massless representations have an extra denominator of 1 + y*^'sn(m)gl"i|-i/2^ where 
m is a quantum number labelling the conformal dimension h and the U (1) charge Q. Unitarity constrains 
{h, Q) to lie inside a polygonal domain of the plane. Massless representations are those hitting the unitary 
bound, ie with (/i, Q) on the boundary of the polygon. Massive representations are those with {h, Q) in 
the interior of the polygon; they have vanishing Witten index. 

In the second class, with discrete c < 3, the characters are spanned by theta functions and the 
coefficients are the mysterious string functions of [KP-84]. 

In the late eighties, characters for the N=4 SCA were also unravelled [ET-88-1]. The N=4 algebra 
contains an affine su(2) Kac-Moody subalgebra of level k, and the central charge of the SCA is c = 6k. 
For k = 1, the massive characters are proportional to dj,{zY /rf (in the NS sector), while the massless 
characters have again an extra denominator. For higher level k, the characters have an additional factor 
of Xfe-ii which denotes the su{2) affine characters (or a slight deformation of them in the massless case) 
with I being the isospin quantum muiibcr, Q <l < fc/2. Unitarity requires h ^ I (NS sector) and massless 
representations hit this bomid. Massless N=4 characters were foimd to be expressible as Aij/x^ for 
some branching functions v4.; and even expressible as an infinite sum of N=2 characters taken at double 
or triple points (these are special points in the {h,Q) plane). 

This correspondence between N=2 and N=4 characters was furthermore enhanced in [EOTY-89], 
where Gepner models were used to write N=4 characters - or rather orbits - as tensor products of several 
characters of the N=2 minimal theories. Then finite sums over these orbits NSj or R, yield the traces for 
the N=4 characters, modular invariant partition functions, elliptic genera, or other topological invariants 
like 

* = CI {-lfq'">-'^/'V° = E A NS', R', 

i 

for some combinatorial factors Di. Since these objects are topological, they should not depend on 
the particular Gepner model at hand. Gepner models are special points in the moduli space of K3 
surfaces [NW-99] where the above trace factorizes into a product of NS and R orbits. That is, we only 
go to points where the formula holds. At different such points, we have different sets of orbits NS, and 
of coefficients Di. Moreover, each orbit should be expressible as a sum of a massless and a massive N=4 

NS 

character: NS, {t,z)= ch {t,z) + Fi (r) ch'^^ {t,z). 

In the context of K3 compactifications, the non-linear sigma model has central charge c = 6, thus 
^ We use the common variables q = e^''^'^ and y = e^"*^ where z keeps track of the U (1) theta angle. 



the su{2) subalgebra of the N=4 SCA has level k = 1. In the following, we shall give explicit expression 
of the functions -Fi(T) in the case of the 1^ and 2^ theories (and lay the cornerstone for the 4^ theory) 
and find that they are essentially given by quotients of Dedekind t] functions, thus reflecting the modular 
nature of the characters and topological invariants. We also derive the expression for $ in both theories 
and gather on the way useful results on theta functions and other tools of analytic number theory. 

This introduction is followed by six more sections. In section 2, we recall the N=4 characters for the 
c = 6 SCA of the non-linear sigma model with K3 target space. We also show how massless and massive 
characters are used to span the orbits, without yet detailing the construction of these orbits. Section 3 is 
an expanded version of the results of [EOTY-89] on topological invariants for K3 based on computations 
with the orbits. Sections 4,5 and 6 are the crux of the paper, revealing in detail the orbits for the 1^,2^ 
and 4'^ Gepner models respectively, computing the functions Fi and developing several lemmas on theta 
functions. Section 7 studies Gepner models of mixed levels, like l'^2^, 1''4 and 1^4^ - the first of which is 
a toroidal model and the other two are K3 models. 

In section 4, we also explore the function a(r) which is essential in [BBG-94] for deriving Ramanujan 
identities. In particular, we study the function 



for k = 1,2,3,4 (Prop. 4.51 and thereafter), and relate sums of cubes of theta functions to a single theta 
function (lemma 4.31). 

Acknowledgements: Many thanks to Anne Taormina for providing me with the orbits in section 5.1 
and for further assistance, to Sander Zwegers for the alternative proof of lemma 4.31, to Herschel Farkas 
and Prank Garvan for their useful hints, to Katrin Wendland for her feedback and helpful answers, and 
to Robbert Dijkgraaf for the final touch. 



We first write down the characters of the N=4 SCA with central charge c = 6 and level fc = 1, ic 
corresponding to a sigma model with K3 target space. We give here explicitly the characters of the NS 
sector, and refer to spectral flow for their counterparts in the R sector. They depend on two variables, 
q = e^^*^ and y = e^"'^ for the modular parameter and the U{1) theta angle respectively. Representations 
are parametrised by highest weight h and isospin / and unitarity implies h > I (NS sector). Our N=4 SCA 
is the enhancement of a N=2 Gepner model by adding SU{2) currents J^, and the latter's characters 
are defined by 




2 N=4 Characters 



ch^^(T,^) :=tr^3 q 



,io-c/24 Jo 



(2.1) 
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2.1 The Characters 



Wc rewrite the familiar expressions of [ET-88-1] for N=4 characters in a more useful parametrisation. 
There are two kinds of characters: we denote massless characters (with isospin I) by ch; (r, z) and 
massive ones (with highest weight h) by chj^^(r, z). 

Massless representations saturate the unitarity bound: h = I and 1 = 0,^: 

2 



(2.2) 



with 

The above equalities follow from the fact that the left hand sides are so-called theta functions of char- 
acteristic (0, 0; — 47ri, — 27riT) of degree 2 (see appendix A below), hence can be spanned by '&i{z)'^ and 
'd3{z)^. The coefficients are obtained by evaluating the Ihs at z = and z = resp., bearing in mind 
that ^3(^-j^) = and ■i?i(0) = 0. For z = note that the term (1 — q^) in the product expression of 
i^si^^) cancels the denominator of the n = term of the sum, yielding 2g~^/^ and — g"^/* for the left 
hand sides. 

Metssive representations are simpler and exist for /i > and I = 0: 

chf =g''-V8 Mfl!. (2.4) 
Spectral flow yields the R character (icleni for massive characters): 

R TSTC 

ch,{T,z) = yq'/^ch^_,{T,z+r). (2.5) 
Thus for instance, the Witten index is given by 

I = tr, ,Lc-c/24^_i^^ ^ _,(r, i) = -gV4 ehf ^(^, i±^) = | | = ° (2.6) 



1, 



2 



since 'i^si^-j^) = and i?i(-'-j^) = q ^^^1^3. For the massive characters, the Witten index vanishes: 
M^) = in (2.4). 

2.2 The Orbits 

The non-linear sigma models on K3 have three kinds of NS "orbits" : graviton, massless and massive 
orbits. Their construction will be detailed in the explicit computations below, sections 4, 5 and 6. For 
now, we only need to know that they can be spanned by massless and massive N=4 characters. The 

' NS 

graviton orbit, for example, contains the massless character cho and a sum of massive characters 



^c„chf = 5:c„g" chf =:Fr(r)ch^ 



NS 
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Thus the graviton orbit has coordinates (1,-Fi) in the basis {cho ,ch^^}. Similarly for the other orbits. 
Prom the examples of the next sections, it will appear that the massless orbits have always coordinates 
(1, Fi), and the massive orbits have coordinates (0, Fj) (hence the name!). We use the subscripts 1, i,j for 
the different orbits: 1 for the graviton orbit, i = 2, . . . , d for the massless orbits and j = d + 1, . . . ,d + d' 
for the massive orbits. Writing the N=4 NSj characters (for the three kinds of orbits) in the basis 
{cho^i,cho^} defines the functions -Fi(r) : 

NSi(t,z) =cho'(T,z)+ i^i(T) chf (t,z) 

NSi(r,z) =chf {t,z)+ F,(t) chf (t,z) (2.7) 
NS,(t,z) = F,(t) chf (r,z) 

The set of functions Fi is determined by the particular Gcpner model under study. Spectral flow generates 
again the Ramond comitcrparts, R^, and subsequent (— f)^ insertion denoted by a prime yields the 
Witten index of the orbit (non- vanishing for massless characters only): R'^ = /i = —2, R^ = li = 1, 

r;. = o. 

The action of the modular group transforms all these orbits into each other. For instance, the S- 
transformation defines a real matrix Sij : 

NS,(t, z) = -Y^ Sij NSj {-K^) e-'-' ^'/^ 

3 

Define Di := Si,i/Si,i, which are combinatorial factors of tensoring representations when using a Gepner 
model. For instance, in the 1*^ theory: A = (1,20,270,30). Using A, we form the modular invariant 
partition function for the K3 cr-model: 

d+d' 

Z{T,f;z,rz)=tv q^o-^qLo-iiyJoyJo = - ^ A (INS^I^ + + jR^j^ + \R'f) , (2.8) 

where the prime represents (—1)^ insertion. The last term evaluated at y = 1 is but the Witten index I 
and summing over it gives the Euler character: 

d+d' 

X=Y1 ^i^i = ^1^2 + A + . • . A = 4 + h''^ = 24, (2.9) 

i=l 

as the sum of Di over the massless orbit always adds up to the Hodge number h^'^ of the orbifold: 20 in 
our case of K3. 

3 Topological invariants 
3.1 K3 elliptic genera 

In [EOTY-89,KKY-93], the authors studied the c=6 SCA of a sigma-model with K3 target space. The 
holonomy of the K'3 manifold allows for two more SU(2) currents J^, ie conformal fields of weight 1 and 
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U{1) charge Jo = 2Jq = ±2, that generate the transformation of double spectral flow (ie NS— >R— > NS) 
and extend the N=2 algebra to N=4. 

The elliptic genus of this (c, c) = (6, 6) heterotic sigma model is, geometrically, a double sum whose 
coefficients are the indices of Dirac operators for certain vector bundles over K3: 

with Cn^r '■= ind ^ = /^g ch.{En,r) iA{K2>) 
where the bundle En,r is defined by 

and l\qE = 0^^o g'^ A*" E, SgE = 0^^^ q'^S'^E. {/\'' and S'' denote the fc'th exterior and symmetric 
products.) 

The elliptic genus also has a topological expression, given by a trace over the left and right Ramond 
sectors with (—1)^ insertion: 



^{t,z) := tr^,^(-l)^^+^«g^''-i/4g£o-i/4yJo 



i?3 y v \ V 



(3.1) 



where the second expression will be proved in the next subsection. Note that because we have no y'^° 
for the right movers, the (—1)^" insertion in the R-sector yields only a contribution from the zero modes 
((f -terms). Indeed, for any higher state, Susy ensures the existence of another state with opposite (— 1)^ 
eigenvalue. Thus the above expressions arc independent of q and we could have dropped that variable 
from the definition. Note also that the fermion parity operator (—1)^ = (— 1)^^-+^^ = (— l)^^-^^ is 
sometimes written g,^^(Jo-Jo) _ xhe U{1) charge Jq helps to distinguish between bosons and fermions, and 
its values are in Z for the NS sector and in Z + | for the R sector. Thus the difference between left- and 
right-moving U{1) charge is always an integer for the NS-NS or R-R sectors. 

At the special values of 2; = |, ^ and 0, we obtain specific topological invariants [EOTY-89], 
using (B.14),(B.15) and dropping the extra g~^/* and — g"^/* in the first two cases: 



Dirac index : $~t 

A 

Hirzebruch genus : $cr 
Euler character : $v 



= tr,,, J-l)^-+^«g^«^i/^ = -2dl{^t + ^|)/7?6 
= trR.,H(-l)^'-+-^"g^°"^/^ = 24 



(3.2) 



Whence a shift z ^ z + ^ generates spectral flow R^NS, while z ^ z + i is responsible for an additional 
factor of (-l)^i. The elliptic genus evaluated at specific points thus yields the partition function for 
different spin structures; at z = 0, we obtain the Witten index - or the bosonic partition function if we 
have no spin structures. 
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We note that the above indices or genera are universal and do not depend on the K3 moduli. Since 
they hold for any complex structure, they are rightly called topological invariants. 



3.2 Derivation by Orbits 

We shall prove (3.1) by actually computing $^ with its z dependence restored, ie we consider the NS,R 
sector. This will allow us to work with the functions Fi which we defined by the left-moving NSi orbits. 
Note that in the following, the r-dependence shall be understood and not always explicitly written. The 
prescription is to replace the trace by a sum over all orbits: 

d+d' 

$+(r, z) := tr,3,^g^<'-V4y^o(_i)F«^Zo-i/4 = A NSi(T, z) R^f , ^ = 0) 

This factorization of NS and R sectors will be confirmed by the concrete examples of the next sections.^ 
Note that in the right-moving sector, Rj(f, 0) is but the Witten index Ii = —2, U — \ and Ij — 0. Hence 
the trace consists of two parts only, one for the graviton orbit and one from the masslcss orbit. In (2.2), 
we can interpret the coefficient of {)i{zY /{f^ as — Jj for i = 1, . . . , d and similarly for the coefficient of /13. 
Bearing this in mind, (2.7) gives us: 



a 

J2 ANS,(^) R^O) - ^ [ch^l (z) + Fi chf (^)' 



i=l 



i=l 




2 



Since this is a topological invariant, it should be independent of the Gepner model at hand, ie of the 
particular set of functions Fi{T). That is, for different Gepner models we have different sets (of variable 
length) of orbits NS^ and functions Fi, but the above sum yields always the same result. In sections 4 
and 5 below, we show (for the 1^ and 2** theories) how the large bracket yields 2(-(?| — df}/r]'^. Hence our 
Dirac index becomes: 

and the z = value gives back the invariant of (3.2). 

To arrive at the elliptic genus (3.1), we need to insert (— l)^'^ and perform spectral flow for the left- 
movers. This corresponds to shifts z ^ z + ^ and z ^ z + ^ respectively. The first of these operations 
yields $^(z) = J2Li ANS-(z) R'j(O) and combination with the second yields $(z) = X;^=i D^R'i{z) R^(0) 
as in (3.1). 



thorough treatment of this factorization into tensor products of Hilbert spaces can be found in Katrin Wendland's 
PhD thesis [W-00] 
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3.3 Alternative derivation by orbifolds 

The expression for the elhptic genus (3.1) can also be derived from orbifold models of the K3 surface, as 
was shown in [EOTY-89]. These models are formed by dividing the product of two complex tori T x T' 
by the action of the symmetry group Z„: 

Zl Zl e^'^'/" and Z2 — > Z2 e'^'^'/". (3.4) 

Essentially four types occur, corresponding to n = 2, 3, 4, 6. 

The partition function for these models consists of an untwisted piece and a twisted one. The untwisted 
piece is the fermionic contribution (in the NS sector, say) |i?3(2;)/?7| times the bosonic lattice function 
T2,2{G,B)/\r,\\ 

The twisted piece consists of two complex fermions and two complex bosons, twisted by some power 
of the Z„ symmetry generator e^'^'/", that is the U{1) theta angle z = 2-k6 will be shifted by {s + rT)/n. 
For the fermions (in the NS sector, say), we have again '&3{z)/ri (yet with twists in opposite direction, 
see (3.4)), while for the bosons we have rj/'&i. Thus the twisted partition function is the sum 

sr' 17 |2 7 _ + (g + rT)/n) d^{z - (.s + rr)/n) 
^ t?i((s + rT)/n)2 

where the prime on the sum signifies omission of r = s = 0. The weights rir^s are defined by no,s := 
(ssin(7rs/n))^/n and rir^s '■= n-s,n-r- Concretely, these weights all equal 8 for n = 2 and 3 forn = 3; while 
for n = 4 the three weights forming at the half-periods (r, s = 0, 2) equal 4 and the remaining twelve 
weights equal 1. For n = 6, the three half-period weights equal 16/6, the eight third-period weights equal 
9/6 while the remaining twenty-four weights equal 1/6. In all cases, the important observation is that 
the sum of the weights equals 24: Yl'r s ^r,s = 24. 

By the Riemann addition formula (B.17), the (r, s)-block can be rewritten as 

while its equivalent for the R-sector with (—1)^ insertion is 

q y Z^,{z + (1 + r)/2) = j - (^^^^^(^^^ j [-J^) ■ (3-7) 

With these building blocks, we can now compute the elliptic genus: 

^{t,z) = tr^3(-l)^g^°-VV9^''-^/^ 

= Y^nr,s q^'^y Zr,s{z + (1 + t)/2) Zr,s{{l + r)/2) 




^i{{s + rT)/n) 

2 
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where we have used (B.33) to transform 

(^) E'"..(.((....)/»)-con.) (3.) 

and this last sum equals — 24-const, by repeated use of (B.35) for equal values of nr,s- The constant itself 
equals ^{^2 ~ ^D- So we do indeed recover (3.1). 



4 Computations in 1 Theory 

For clarity, we shall now detail the ideas developed at the beginning of this section, and show what we 
mean under "orbits" and functions F, in the concrete example of the 1® theory. This Gepner model is 
based on the tensoring of six times the same k = 1, N=2 SOFT. That is, the N=4 characters will be 
tensor products of six N=2 characters. So we first present those N=2 characters. 



4.1 General Considerations 

In general, for values of the central charge between and 3, unitary representations of N=2 superconformal 
algebras exist at discrete values of the central charge, namely at c = 3A;/(A; + 2). The highest weight 
states have conformal dimension and U{1) charge parametrised by two quantum numbers I, m (isospin 
and its third component) [RY-87]: 

_ l{l + 2)- ni^ _ m 

4(fc + 2) ^'■'""fc + 2 ^ ' 

where 0</<fc, — I < m < I, I = m mod 2. The NS characters of these N=2 theories are linear 
combinations of su{2) theta functions: 

k 



Chj^m (?/>«)= XI (^l,m' d{k+2)m'-mk, k{k+2) (^-^,-1^^^ 

Om,k{T,z):= g*'"'/", em,k=0m+2k,k 

neZ+m/2fe 

For later purposes, note the behaviour under 'full' {z ^ z + t) spectral flow: 

z^z+T „ ( T Z 

■ - 2{fc + 2) 71 {fc + 2) 1 ' 



(4.2) 



The coefficients ci^m are the string functions of Kac and Peterson [KP-84] for Z = m mod 2; for the 
5^(2) afJine Lie algebra they have an alternative definition via the Weyl-Kac formula: 



= ■ X] '^l,mOm,k (4.3) 



^1,2 — 0-12 , , , 

Since the Ihs and rhs have expansions with powers of y in Z + //2 and Z + m/2 resp., we see that q.„i = 
if / ^ TO mod 2. Of course, for each level k we have different set of string functions. Note also the 
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symmetries: ci^m = ci,-m = ci^m+2k = Ck-i,k-m- For the case of the afRne su{2) algebra A^^\ the string 
functions are merely proportional to Hecke 'indefinite' modular forms: 

Q,m=J?(T)-3 sign(x) ^('=+2)-'-'=^' (4.4) 

-\x\<y<\x\ 

where x, y arc such that (x, y) or (i — x, i + y) are e + ( 2(k+2) ■ S)- 

For our present case of fc = 1, c = 1, the latter sum can be remarkably rewritten as 

^ sign(a;) ^^^'-f' = ^ {-ly+lqim+^f-i^l+^r)/^^ 

-M<y<\A i>o 

(»,^)^(l,0)or(l,l)modZ2 |!|<i/2 (4.5) 

The last equality is another remarkable result of [KP-84] . Our string functions at level one thus become: 

co,o = ci,i = ci-i = — co,i = ci,o = 0. (4.6) 

4.2 Chciracters and Orbits 

So we are in a position to write down the three minimal N=2 characters, obtained for Z = m = 0, 
I = m = 1 and / = — m = 1: 



B 
C 



= chj^f(y,9) = i^2,3(i,f) = ^Ez9^^"+^)'y"+^ = ^g^/*^?/'/' Uz + r\3r) 
= chf_i(y,g) = 1^4,3(1, f ) = i Ez9^'"+^^'y"+^ = i?'/'?/'/' ^3(^ + 2r|3r) 



(4.7) 



Under spectral flow, the three su(2) theta functions are shifted into one each other: 

emAh I) ?-^/^V^/*^ ^™+i,3(i, f ) <z-vv^/^ ^,«+2,3(i, f ), (4-8) 

so that under 'full' spectral flow, the three characters are cyclicly permuted: 

A ""^^ B — — (4.9) 

where we have omitted the incrementing factors of q~^^^y~^^^ . 

To build the various orbits of the 1^ theory, we consider all possible homogeneous polynomials of 
degree 6 in A, B, C, respecting the following two rules: 

1. the orbit must be holomorphic, ie its Fourier expansion must have integer powers of y; 

2. the orbit must be covariant under full spectral flow: NSi(2: — > + r) = q~^y~^ NS,(2;). 

Condition (1) excludes combinations like A^B, A'^B^ or A^B^C,... Condition (2) requires invariance of the 
orbit under cyclic permutation of A, B, C, and also guarantees it to be a theta function of characteristic 
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- NS 

(0,0; — 47r«,27ri) and degree 2. Thus each orbit can be spanned by chg^^ and ch^^, or alternatively by 

Mz\t)^ and M^-^f- 

The four possible orbits respecting the above rules are: 

NSi = yl^ + S« + 

NS2 = A^B^ + B^C^ + C^A^ 

(4.10) 

NS3 a^b'^c'^ 

NS4 = A'^BC + B-^Cvl + C*AB. 
We recall the definition of the combinatorial factors Di associated to a particular model: The above 
orbits can be checked to have the following modular behaviour [EOTY-89]: 

/ 3 60 270 90 \ 



NS,: 



-2m It 



- 27 



3 
1 

V3 



-21 27 
2 9 

6 -54 



9 

-6 

9; 



(4.11) 



Then the Di arc defined by Di := S'i^i/5i,i, that is (1,20,270,30) in the present case of 1^ theory. Note 
that the first column (S'i,i) is just the number of summands in the orbit NSi, while the first row (S\s) is 
^i,! times the number of permutations of the factors in any summand of NS^. The same trick will allow 
a quick determination of the Di in the 2^ or 4^ theories. 

We note that sXy = —9"^''^, that is 2 = the massive character vanishes and so does B, ch(/i = 
= B, while A = e'^'/^C = ^-^24. Thus at y 

NSi 



0) 



-1/2. 



2g-V4 =eC(^ = ^) 

NS , 

-9 



NS2 =-(/-V4 =chT{z=^) 



(4.12) 



52 

NS3 =0 
NS4 = 0, 

and we recognize that the first orbit is the graviton orbit, the second is the massless orbit (only one), 
while the third and fourth orbits are massive. 



4.3 The functions Fj 

We will now compute the functions Fj for the massive orbits. For F3 this is pretty easy, while F4 is more 

involved. Fi and F2 do not seem to have appealing expressions. Let us start with F3: 

2/3 

NS3 = A^B^C^ = i^(^3(z|3r) Mz + r|3r) ^3(2 - r|3r))' 



„2/3 / (-1 „3n\3 

??(3t)6 



= Fs chf = F3 q 



-1/8 



(4.13) 
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from which we find that 

Similarly, for F/^ we have: 

NS4 = ABC{A^ +B^ + C^) 
^3 



Fs=,y^'-^. (4.14) 



!!^Mz\r) [Mz\Srf + q'/'y + r\3rf + q^'h'IH,{z + 2r|3r)3] (4.15) 



2 



iF4ch(/. = 0) = F4g-V8!MfM . 

Thus we see that the large bracket with the sum of cubes of theta functions must be proportional to 
■i?3(^|r). This is indeed the content of lemma 4.31 below, and we then obtain for F4: 

F^^qmV^a{T), (4.16) 
where a(r) is a function already studied in [BBG-94]: 

a(r) := - ^(-l)"(6n+ 1) g(6"+i)V24 



(4.17) 



4.4 Dirac Index 

Although we could not find interesting expressions for Fi and F2, we shall nonetheless derive (3.3), that 
is we shall show: 



Proposition 4.18. 

^ ANS,7, = -2 NSi + 20 NS2 = -24 ^^i^^ + 2{'&t - ^i) (4.19) 



Proof. Because the Dirac index (Ihs) is spanned by the massless and massive characters cho and ch, 
or equivalently by i?i(z|r)^ and 'dz{z\TY , we only need to recover the constants multiplying these two 



basis vectors. Due to (4.12) and the vanishing of '!?3(^;|t) at ^; = we see that ■i?i(^|r)^ is correctly 
multiplied by — 24/i?3. To check the constant in front of '&3{z\t)'^ would only require setting z = 0, where 
■!?i(2|r) vanishes. The Ihs then would give -2{A^ + 2 B^)+ 20(5^(2^^ ^ ^s^) because B = C at ^ = 0. 
However, we have not succeeded in showing directly that this equals 2(^?2 — 'i?!) ^i/??^- Presumably, this 
is an interesting corollary of the theorem. 

Rather, to find the constants multiplying the two basis vectors, we shall differentiate both sides twice 
and set z = This last evaluation has the merit of making the character C vanish, and giving also 

A=-B = ^ a?3(i±^|3r). For NSi, we have: 



9z\ =1^ NSi=a2| {A^ + B^ + C^) = d'^, \ {A^ + B^) 



(4.20) 

= 6A'^[A" + bA'A] + 6B*[B" + 5B'B]. 
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Recalling that i^a and i?3 are even functions of z, while is odd, and that they are all periodic under 
2; — > 2 + 1, we note the following: ■!?3(i^|3r) = i?3(i^|3T) and similarly for i^g, but with an additional 
minus sign for -d'^. Thus for instance, we have aX z = 



A =t?3(^|3T) 

A'l^l^ =-^'3(l±r|3r) 
B =gi/6yi/3 ^g(^_^^|3^) 



(4.21) 



(4.22) 



— "3 ''SJV — 

In particular: A' B + AS' = — ^1^3. Bearing this in mind, we obtain: 

^'L=i^ NSi = ^ ^3(i±x|3r)4 [12 i?'3'^3 + 60 d'r,^ + AB>m ^'^^3 - 16nHl] (i±^|3T). (4.23) 
Similarly, for NS2, we have: 

d^A NS2 =521 (^353 + 53^-3 + ^3^3) ^521 (^3^3) 

= 3^252 [^5" + 2A'B' + A"B] + GAB [AB' + A' Bf (4.24) 
= 7f M'-^\^rf [ - 6 + 6 ^9!, V 47r2 (i^^jSr). 
Thus the Ihs altogether yields: 
SzL=i^(-2 NSi + 20 NS2) = -j, [dl (36 d'i + 247ri ^^'3 - ^t^H^) - 247r2 ^ (i±^|3r) 

= 167rV'/^ + 

where we have noted that i'):i,{^^\'iT) = q~^/'^^ r] and that the curved bracket is proportional to the 
second Eisenstein series E2 = ^drlogr]: 

gi/24(36 1?^' + 247ri i?'3 - 4n^ ^s) = -^i^ 5^(-l)"(6n + 1)^ 5(6"+i)V24 



(4.25) 



(4.26) 



= -47r2— 5,y(-l)>(6n+l)V24 

TL 

24 
27ri 

= -47r^ 77 E-2,., 

by virtue of (B.5). 

We now turn to the rhs of (4.19) and shall differentiate twice. To this effect, we remind a few useful 
facts: 

t?'i(z + i^|T) ^ q-^l^y^l^ dz[z) =i7ri?i(0+i2^|T) + (?-i/8yi/2 ^^(^1^) 1^3 

^'3(^+i^|r) = d, - iq-^/^y^/^ ^i{z) = iw ^z + ^\t) - iq-^/^y^/^ 'd[{z\T) ^ -2Triq-^/^ r,^, 

(4.27) 
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where we used (B.6). Similarly, we find: 

Thus equipped, we proceed for the rhs: 

dl\ _i^i?3(-2|r)' = -47rV'/^ rf. 



(4.28) 



(4.29) 



Taking (B.25) into account, we have overall for the rhs: 



-24^ + 2(.^-.^) 



= 167r2g-i/4 (6 + i;2), (4.30) 



which was just the Ihs. □ 

4.5 Lemmas and Arithmetic Results 
Lemma 4.31. 

Mz\-iTf + q^'^y ^3(^ + t|3t)3 + gV + 2T|3r)3 = a(T) i^al^k), 
where a(T) := - ^(-l)"(6n + 1) g(6»+i)V24 ^ ^ (4-32) 

Proof. That the rhs is proportional to ,?3(2;|3t) follows from the second proof that we shall give. To find 
the constant a(r), we differentiate both sides wrt z and set z = i^: 

3 M^\3t)^ [-2 t^'s - 2f t?3](i±^|3T) = a(r) {-2mq-^/» r,^) (4.33) 
Note that ^3(i±i|3T) = 5-^/24 g^j^^j gj^^ 

a(r) = i y (-l)"(6n + 1) g(6"+i)V24_ (4 34) 

^ z 

For the second expression for a, we offer an alternative proof : 

Ihs = (^ gi"'y")=^ + (^ gi"'2/")3 + (^ qi"'?/")^ = ^ gl("?+"2+"l) ^(ni+ns+na) (4 35) 

Z Z+i Z+l n 

where n = (ni, 712,713) on the rhs sweeps through the set 5 := U (Z + i)^ U (Z + |)^. This set lies in 
1 to 1 correspondence with all fc e Z^ via the following smart substitution: 

ni = (fci + k2- fc3)/3 ki = ni + 722 + ns 

n2 = (fci - 2fc2 - A;3)/3 ^2 = ni - n2 (4.36) 

ns = (fci + ^2 + 2^3)73 ^3 =-ni+n3 

Note that in the first definitions, all right hand sides are equal mod 1, which guarantees that all rii are 
in the same component of the set 5; whence the 1-1 correspondence. Moreover: 

1 2 

nl+nl + nl = -k1 + -{kl + kl + k2k3), m + n2 + 713 = fci (4.37) 
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Hence 

lhs= I =rhs (4.38) 

□ 

Corollary 4.39. 

For z = 0: M^l^rf + 2q^''^ MA^^f = a{T) i?3 

For = 1/2: ^i{Q\2,Tf - 2q^''^ i?3(r|3r)3 = a{T) -!?3 (4-40) 

For z = 3r/2 : '!?2(0|3r)^ + 2g^/^ i?2(r|3r)^ = a(T) '&2 

For the sake of instruction, we give a third proof of the above lemma, after reformulating it with a 
different constant of proportionality: 

Lemma 4.41. 

UAr? + q"'y Mz + l\rf + + f |r)^ = (s^^ + a(r)) Uz\ J), 

1 ^ (4-42) 

a{T) := - ^(-ir(6n+ 1) g(6"+i)V24 
^ z 

Proof. The advantage of having divided r by 3 is that now all three terms on Ihs and the rhs are theta 
functions of degree 3 and characteristic (0,0; — 67ri, 37riT). The space of such functions is 3 dimensional 
and can be spanned by 

Mz+^\^), Mz+^\^)} or by {^3(30|3r), y t?3(30 + r|3r), + 2t\3t)] , 

etc. Replacing t 3t, the Ihs as a whole is still a theta fimction of degree 1 and characteristic 
(0,0; — 27rj,7riT), hence must be proportional to -dslzlT). That is, all we have to do is to compute the 
constant of proportionality. To this end, we set z = in the lemma and prove: 

MO\rf + 2q'/^ Mr^rf = (s^^^ + ^(t)) i?3(0|^) (4.43) 

We quote from [FK-01], p. 273 , a property describing how the cubes of theta functions can be 
spanned by basis vectors: 

fe'ij] ^3{z + ^|t)3 = -nefq^y-^iSTf \z^/^ M^z + ^\3t) - z-^/^ i?3(-3z + ^\3t) 

+1?' i?3(30 + 3i±^|3r), 

(4.44) 

where 

1?' := i?'[}/'](0|3t) := d,\o " ^|3r), 

such that - -e-'^/"- = - y (-l)"(6n + i)qi<^n+if /^^ 

= «(r). 
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Special cases of this property are: 



so that 



at X = -i±^ : MO\r? = Ggi/^zzfil)! ,93(r|3T) + a{T) i93(0|3t) 
atz = -i + f : ^3(11^)3 =3!Z(^ L-i/6^3(o|3T)+^3(r|3r)l +a(T)^3(T|3T), 



MO\rf + 2g'/' Mr^rf = (s^^^ + [^3(0|3t) + 2gV6 ^3(r|3T)] (4.46) 

Use lemma 6.23 to rewrite the square bracket as i?3(0|r/3). □ 
Combining lemma 4.31 and 4.41, we arrive at an interesting observation, already noticed in [BBG-94]: 
Corollary 4.47. 

(4.48) 



a(T/3) = 6^^^ + a(T). 
V 



For completeness, we also observe that a(T) can be written as the difference of two Lambert series (ie 

a{r) = ^dyU ^(-l)"y6n+l^n(3n+l)/2 

^ Z 

1 

'I ^ 



= —dy\i y - - 2/'V""')(i - y-'^'q'"-') 



3n-l 



r,3n-2 



^3n-2 



(4.49) 



= i+6E«"( E 1- E 1 



£i=l(3) d=2(3) 



where 6k,i{n) is the number of divisors of n which are mod k minus those which are ^ mod k. 
For example, a well-known result of Jacobi states that the number of integer solutions to a;^ + = n is 
4(54,2 (n)- 

Many more beautiful properties about o(t) are found in [BBG-94], such as 



a(T) = z?3(0|6t) + z?2(0|2r) M^M- 

We give a last property, of our own, relating to a(T)^: 
Proposition 4.51. 

2a{Tf = 3E2{3t) - E2. 



(4.50) 



(4.52) 
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Proof. We apply the previous trick - of differentiating a Jacobi product - to the sum already encountered 
in (4.26): 

E^ = - ^(-l)"(6n + If g(6»+i)V24 
^ z 

= ^ -4 d% V(-l)"y'^"+^(?"('"+'^/' 

(4.53) 

= ^^af|oya?3(6. + ^|3r) 

Abbreviating the last product by 11, we have that q^U\o =r], W = nS and U" = IL{T.'^ + S'), where 
S := 127ri J2n^i ( i-y^V"-! + i-y-Cg^^-a ) • t^is notation, we also have S|o = 27ri(a(T) — 1). Thus: 



Eo = 



1 + ^ S - -^^(S^ + E')! 

ITT Aw^ J 



= l + 2(a- !) + («- 1)2 -36 ^ ^^^-^^ + ^^-^^ (4.54) 



a2 + ^[£2-i^2(3r)]. 



□ 



Since the sums ^ X]z(~l)"(6'n- + 1)*^ (jr(6"+i)^/24 yigi(j enticing expressions for powers fc = 1, 2 (a(r), 
E2 resp.), it is natural to wonder whether this extends to higher power. We have not found any alternative 
expression for the case fc = 3, but can nonetheless relate it to a(r) and E2. Again, we mimic the trick of 
the previous proposition: 

7? V (27r02 {2mf ^^^^^^ 

= a' + 3a ^{E2 - E^i^r)) + 

with 

E|o-(27rz)6 (1 _ g3n-l)3 + (1 _ g3n-2)3 ) " (^^^) ^ * 1 _ g3i (^'S^) 

The same recursion for the case k — A \s even more involved and is not worth writing in full, due to 
the complicated nature of S'": 

i ^(-l)"(6n + 1)^ ,(--)V2^ = + ^E'lo + ^E"|o + + (^E-lo 

^ 2 (4.57) 



7] \27ri 
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The last line is obtained using the covariant derivative for modular forms; it shows that Sr^^r? (for k 
even) can be expressed as a polynomial in E2,E4,Ee. For instance, for /c = 6 this is 

- ^(-l)"(6n + 1)*^ g(6n+i)V24 = iQE^ _ soE^E4, + 15El (4.58) 
^ z 

5 Computations in 2^ Theory 

We mimic here the approach of the 1^ theory, as detailed in the previous section. This Gepner model 
is obtained by tensoring 4 times the k = 2, N=2 theory. Although we have more orbits and more cases 
to study, the mathematics are easier, due to the simpler properties enjoyed by theta functions with r 
divided by 4 (instead of divided by 3 as in the 1^ theory). 

5.1 Chciracters and Orbits: 

This time we have six minimal N=2 characters, obtained for i = (m = 0), Z = 1 (m = ±1) and 
1 = 2 (m — 0, ±2). The string functions at level 2, due to their symmetries, number only three: 

Coo = C22, C20 = C02 Ci,_i = Cn. (5.1) 

In the following characters, we use the shorthand 9m for the sw(2) theta functions ^m,8(f , j)' 

^MUz\2r) + ^MMz\'^r) 



(5.2) 



A 


:=chfo(2/,g) 


= Coo ^0 + C02 ^8 


B 


:= chf2(y,<z) 


= C02 ^-4 + Coo ^4 


C 


:=ch^,o(y>'7) 


= C02 ^0 + Coo ^8 


D 


:= chf_2(2/,g) 


= Co2 6*4 + Coo ^-4 


E 


:=chf_i(y,5) 


= Cn( ^-2 + ^6) 


F 


:=chj^i(y,9) 


= Cii( ^-6 + ^2) 



2ri y 7] "^Vl / 2rjyrj 



gAyi ^3(^+r|2r) 

The su{2) theta functions are related to the standard (or "Ur-" ) Jacobi theta function via 

^™,8(i,f) = E„ez'?^'"+^'' y2„+f ^^(t)^ ^3(2^+ini|8r), 
+ Om+% = ^^{z + ^\2t). 



(5.3) 



The rightmost column of (5.2) is obtained by rewriting ac + hd as i(a + 6)(c + d) + ^(a — 6)(c — d) and 
using the explicit expression for the string functions from the next subsection. 

Under spectral flow, these eight su{2) theta functions are shifted into one each other: 

OmAh !) q-"S-'l' ^™+2,8(i, !) <Z-VV^/' ^™+4,8(i, t), (5-4) 

so that under 'full' spectral flow, the six characters split into two groups which are cyclicly permuted: 

A "^'^ B — >C — — ^A, E — — >E, (5.5) 
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where we have omitted the incrementing factors of q^^^^y'^^"^ , etc. 

To build the various orbits of the 2^ theory, we consider all possible homogeneous polynomials of 
degree 4 in A, B, C, D, E, F, respecting the following two rules: 

1. the orbit must be holomorphic, ie its Fourier expansion must have integer powers of y; 

2. the orbit must be covariant under full spectral flow: NSi(2: z + t) = q~^y~^ NS,(2;). 

Note that A, C have integer t/-expansion, B, D half-integer, and E, F have powers of j/ in Z =f i resp. 
Thus, condition (1) excludes combinations like A^B, A^E, AP'BC, AP'E, etc. Condition (2) requires 
invariance of the orbit under cyclic permutation of A, B, C, D and E, F separately, and also guarantees 
it to be a theta function of characteristic (0, 0; —Airi, 2m) and degree 2. Thus each orbit can be spanned 
by cho(/ = 0, 1) and ch(/i = 0), or alternatively by '!?i(2;|t)^ and '!?3(^|t)^. 
The twelve possible orbits respecting the above rules are: 



NSi 


= A* + + + 


NS7 


= AB'^C + BC^D + CD'^A + DA^B 


NS2 




NSg 


= ABCD 


NS3 




NSg 


= ABE'^ + BCF'^ + CDE'^ + DAF"^ 


NS4 


= ABF"^ + BCE'^ + CDF^ + ADE'^ 


NSio 


= [A^ + ^2 + + D'^)EF 


NS5 


= B^D^ + A^C^ 


NSii 


= E'^F^ 


NSe 


= AC^ + BD^ + CA^ + BD^ 


NS12 


= {AC + BD)EF 



The combinatorial factors defined after (4.11), associated to these orbits are (1, 2, 6, 12, 12, 4, 12, 96, 12, 
12,24,48). 

Due to the following relations among the characters, 

AC = BD 

AB + CD = F2 (5.6) 
AD + BC =E^, 

(proved in lemma 5.24 with t replaced by |), we find that several orbits coincide: 

NS2 = NS4 

NS5 = 2 NSg (5.7) 
NSe =NS7 = 5NS9 = NSii. 

5.2 String Functions: 

Some explicit expressions for the string functions at level 2 are found in [KP-84], p. 220: 



V{2t) 1 /i?2 ■n{T/2) 1 /i?4 

T]-' r]]J 2r] T] V \ ''1 
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The authors also give the compUcated modular properties of the string functions. The latter expression, 
Coo — Co2, upon shifting r — > r + 1, yields e~"^/^(coo + 002)- Similarly, shifting ^\J^ by r ^ r + 1 yields 
g-i7r/8i^^/^ Together with lemma 5.23 below, this gives^: 




7? r?(2T) ?7(r/2) i?(r) - 9V2 mr) 

— (5-9) 
'^oo C02 ^ ^2 ^(r)+gi/2 ^?(3r) 

Here, and for the remainder of this section, we use the shorthand 'd{z) := 'i?3(2;|8T). Thus: 



Coo = g IS ,n a,., ,0 = « i« 



C02 = g 16 



i?(t)2 - q t?(3T)2 ^ 77 r]{2T) 

i?(3r) _ T^g^ ??(3r) 

i?(t)2 - g t?(3r)2 ~ ^ 77 r7(2r) 

and 

00 1 a"^ 



(5.10) 



■-00 ~ "-02 



r] r]{2T) i?(t)2 - g i?(3t)2 



Coo C02 = q^- — 



(5.11) 



7/2 7?(2t)2 7/3 7?(4t) 



(5.12) 



We now study the orbits at the special value of 2; = Note first that at this value, 9m,8{^, — 
(-l)f ^3((f + 1)'^|8t)- With lemma 5.23, our characters reduce to 

A = coo i?(t) + C02 (-<z'/2) ^(5^) ^ q-i/16 

C - C02 7?(r) + coo (-9'/') ^?(5r) - 

S = -i [co2 7?(t) - coo gi/' 79(3r)] = 

D = [co2 7?(t) - coo 7?(3r)] = -i q-^'^" 

E = 3(2ll g-Ae-W4 ^3(i|2T) = e-*"/V'/'^ 

F= izg:) gAe-W4 ^3(1 +^|2r) =0 

Plugging these values into the orbits NSi yields NSi = 2q-'^/^, NSi = -g-^/"* (i = 2, . . . ,4), while the 
remaining NSj vanish (j = 5, . . . , 12). We thus recognize from (2.7) the graviton, massless and massive 
orbits respectively. 

^The form for the string functions cn and cqo i C02 is expected from the fact that r] c^i gives the character of 

the field ip^^ in the Z^. parafermion model [FZ-85,GQ-87]. For our case of A; = 2, the Z2 parafermion model is just the Ising 
model, and its chajracters are the well known square roots of theta functions (with different spin structures). Thanks to 
Katrin Wcndland for pointing at this and at her PhD thesis (p. 50) [W-00] which already contains the explicit expressions 
for (5.2). 
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5.3 The Functions Fi, Fj and the Dirac Index 

In order to compute the functions Fi (2.2), we set z = , in which case 0m,8(f j 0) = g^^) •&{^) = 0-m,8- 
Hence the characters simphfy to: 

A + C = ^3(0|2r) = „ „,;JrL/2) = EVB 



=|^/f ^4(0|2r) = ^ = l/£; 



B = D = ^2(0|2r) = 

E = F = 



- r,{T/2}'7i{2Tr 

v(r/2) ~ y 2^4. 

With these observation and the fact that AC = B"^ a,t z = (5.6), the massive orbits at 2; = have a 
rather simple form: 

NS5 = 2NS8 = 2B^ 
NSe = NS7 = iNSg = NSii = 
NSio = E'^/B^ = NS12 NSe/NSs 
NS12 = 2B'^E^ 

Given that NSj = Fj q~i ^ = Fj ^(2t)^^i7(t/2)^ ' ^® ^'^^ following values for Fj: 

F, = 2Fs = 2,V8_^ 

P— P— If— P — „1/8 'K2t)^ 
^6 — ^7 — 2^9 — -^11 — 9 — 

F,o = ,'/',^ (5.15) 
F,2=2gV8ZZ(2l)l^ 

The massless orbits arc a little less elegant, especially NSi and NS3 which are not factorizable. For 
the latter, we shall need the following observation, again having set z ~ 0: 

{A^ + C^) = {A- Cf + = llE^ + 2B^ 

= {A + Cf - 2^2 = £;4/b2 _ (5jg) 

=^E^ = B^+ AB'^E^ 

and 

I 2i?^-2^" I - 2^1 + ^2(0|2t)^ _ 3^1 + ^1 

' 1?2 '!?2 t?4 '&2^4 2 1?2 1?4 

We note that the last expression cannot be factorized and so we give the graviton + massless orbits as 
they stand: 

NSi = {A^ + Cr = + 2B^r = {^l±^y 

NS2=NS4 =2E^ 

NC!o — l"? -,92 -l_ ,92^ ^3 '^2(0|2t)^ _ a2 I .a2\ "^l-'^l _ (o „q2 , ,a2\ V vi'i'r) 

NS^ = 2 NS1NS5 
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with extensive use of formulae in appendix B. Given that NSi = (/13 + Fi ^-^) ^ for i = 2,3,4 (and /13 
replaced by — 2/13 for NSi) , we find the following values for Fi and Ff. 



Fi = rj 
F2 = r] 
Fs = 
Fi = F2 



3 n+n 

4~ip 



2 /l3 



- 1 



2(^) -/13] =2i^6-«^/N/^3 

(3^i+^i) ,;iy,;). -/i3" 



(5.19) 



As in the 1^ theory, we shall again derive (3.3), that is we shall show: 



Proposition 5.20. 



D^NS^I^ = -2 NSl + 2 NS2 + 6 NS3 + 12 NS4 



-24 



i=l 



(5.21) 



Proof. Due to (5.12) and the vanishing of '&3{z\t) at 2; = we see that i}-i{z\t)'^ is correctly multiplied 
by — 24/'!?3. We only need to recover the factor multiplying '&3{z\t)'^. Unlike in 1^ theory, setting z = 
on both sides will easily do the job: 



Ihslo 



2i?2 ^2 



- (3 + ^ir + (2 + 12) + 6(3 n + rn^in - n) 



(5.22) 



The square brackets yield a total of 16('i?2 ~ "^^t)) while the prefactor is ^ 
rhs. 



. Thus we obtain the 
□ 



5.4 Lemmas: 

Lemma 5.23. With the shorthand '&{z) := ■!?3(2:|8r), we have: 

1. q ^?(5t) = ^{3t) 

2. ^(0)-9^(4t)=^4(0|2t) = ;^ 

3. m + q z9(4r) = ^93(0|2t) = 

4. ^(r) +gV2 ^(3^) = q-^el^2{0\r/2) = q-^^^ 

5. i?(t) - gV2 ^(3^) = ^2(r/2|2r) = q-^n(2ll^ilM 

Proof. These arc all instances of the more general lemma 6.21. Alternatively: 

1. directly from sum or product expression. 

2. Ihs = - ^ ^g4(t)= ^ ^?4(0|2r) = n(l - - g^"-^)^ = n(l - - 
q2nyi ^rhs 



3. idem 
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n(l - + (tl'^f = n(l - - g"/^)-^ = rhs = ^?3(T/2|2r) 

5. idem 

□ 

Lemma 5.24. 

^4(0|i) (^?i(z|r)2+^4(z|r)2) =^3(0|i) (^3(;^|r)2 - ^2(z|r)2) = ^3(0|f ) i?3(il5)^4(|l5) 
^?3(0|i) i92(2|r)i93(^|r) + i?4(0|f ) iz?i(z|r)^94(2|r) = M^V^) Q^V'^ - j\rf (5-25) 
M0\^) Mz\r)Mz\r) - MO\W iMz\r)Mz\r) = Mo\^) <i^y^ + jk? 
Proof. Both sides of the first equation are theta functions of degree two and characteristic (0, 0; —Ani, — 27rir), 
ie elements of the two-dimensional vector space '7^,_27riT (see appendix A). In the other two equations, 
all terms - upon extra multiplication with y - are elements of 72,_37riT- So all we need to do is to verify 
the relations at two independent values of z. 

For all line, verification a,t z = 0, t/2 is immediate with (B.19), (B.20). The rhs gives a handy 
factorized form of the Ihs, which would not lend itself to straightforward factorisation as the sums (ii?i±^?4) 
cannot be made into a theta function. □ 

6 Computations in 4^ Theory 

We mimic here the approach of the two previous sections. This Gepner model is obtained by tensoring 3 
times the /c = 4, N=2 theory. We have considerably more orbits and more cases to study; the mathematics 
involve properties of theta functions with r divided by 3, 4 and 6. 

6.1 Characters and Orbits: 

This time we have 15 minimal N=2 characters, obtained for Z = (m = 0), Z = 1 (m = ±1), Z = 2 (m = 
0, ±2), I = 3 (m ~ ±1, 3), Z = 4 (m = 0, ±2, ±4). The string functions at level 4, due to their symmetries, 
number only seven; 

Coo = C44, C02=C42, C04 = C40, C20 = C24, C22, Cn = C33, C13 = C31 . (6.1) 

In the following characters, Om is a shortcut for the su{2) theta function evaluated as 0m,24{-^, |): 



A 




= C02 


^-12 


+C00 


^0 


+C02 


^12 


+ C04 


6^24 


B 




= C02 


6*20 


+ Co4 


^-16 


+C02 


0-A 


+ C00 


Os 


C 


= ch4 2(y,g) 


= C02 


^-20 


+ C04 


^-8 


+C02 


0i 


+ C00 


^16 


D 


:= <g(y,g) 


= C02 


^-12 


+ C04 


^0 


+C02 


^12 


+ C00 




E 


:=chf_2(2/,'Z) 


= C02 


O-A 


+ Q)4 




+C02 


^20 


+ C00 


0-16 


F 


:= ch4!.4(y,gr) 


= C02 


Oa 


+ C04 




+C02 


9-20 


+C00 


9-s 



(6.2) 
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G := Ch2_2(|/,g) =C22^-20 +C20 ^'-8 +0226*4 +C20 ^16 

if := ch^o(y,g) = C22 6'_i2 +020^0 +022^12 +0206*24 (6-3) 



I := ch2%{y,q) =C22^-4 +0206*8 +0226*20 +C20 6*- 
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(6.4) 



J:=chi i(y,q) 013 6'_22 +011 0_io +0116*2 +0136*14 

if := ch^^^;L(y,q) = 013 +011^-2 +0116*10 +0136*22 

L:=ch^3(y,q) = on ^is +013^-18 +013 6*_6 +0116*6 

M := ch^S(y,g) = cii ^_22 +013 6*-io +013 6*2 +O11 6*14 

AT := ch^^_^{y,q) = cn 6'_i4 +C13 6i_2 +C13 6*io +cii 6*22 

O := ch^^_3{y,q) = cn 6-6 +C13 +C13 6*i8 +cii ^_i8 

The su(2) theta functions are related to the standard Jacobi theta function via 

emMh f ) = E„ez9^'^"+^^' = 9^^^'/' ^3(4^ + ^|24r) (6.5) 

Under full spectral flow, these su{2) theta functions are shifted into one each other: 

0mMh f ) q-'/'y-'/' ^™+8,24(i, I), (6.6) 

so that the fifteen characters split into three groups which are cyclicly permuted: 

A B — >C — > D — > E — > F — >A, 

G — *H — >I — >G , (6.7) 
J — >K — >L — >M — >N — >0 — > J, 

where we have omitted the incrementing factors of etc. 

To build the various orbits of the 4^ theory, we consider all possible homogeneous polynomials of 
degree 3 in A,B,...,0, respecting our usual rules. Note the following powers for the ^/-expansions: 

A, D,H have powers of y in Z, J, M in Z + ^ , 

B, E,I in Z- I, K,N inZ-^, 

C, F,GinZ+i, L,OinZ + i. 
The twenty-three possible orbits are: 

NSi =A^ + B^ + +D^ + E^ + F^ 
NS2 =G^ + H^+I^ 

NS3 = {BC + EF)H + {CD + FA)I + {DE + AB)G 

NS4 = + 5 J2 ^ (jj^2 ^ jjip. _^ ^j^2 _^ ^^2 

NS5 = [JL + MCl)G + {KM + NJ)H + {LN + OK)I 
NSe = AL"^ + BM^ + CN^ + DO^ + EJ^ + FK"^ 
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NSt = A'^D + B'^E + C'^F + D'^A + E'^B + F'^C NSie = (i^ + 0^)-ff + ( + M^)/ + (AT^ + N'^)G 

NSs = ASC + BCD + CDE + DEF + EFA + FAB NS17 = (A + D)LO + {B + E)JM + (C + F)KN 

NSg = ylBC + BED NSis = -ffi^O + IJM + GKN 

NSio = GHI NS19 = AJ/f + BKL + CLM + DMN + ENO + FOJ 

NSii = ADH + BEI + CFG NS20 = DJK + EKL + FLM + AMN + BNO + CO J 

NS12 = (A^ + D^)H + {B' + E')I + (C^ + F'^)G NS21 = ( JA- + MN)H + (i^L + NO)I + [LM + O.J)G 

NS13 = [BE + _EC)H + {AC + DF)/ + {BD + A£)G NS22 = CJL + DKM + ELN + EMO + AN J + BOK 

NS14 = {A + D)H'^ + {B + E)P + {C + F)G^ NS23 = FJL + ARM + BLN + CMC + DNJ + EOK 
NS16 = (C + F)HI +{A + D)IG +{B + E)GH 

The coefficients A, see after (4.11), are thus (1; 2,6,3,6,3; 3,6,18,36,12,3,6,3,6; 3,6,12,6,6,6,6,6). 
6.2 String Functions: 

Some explicit expressions for the string functions at level 2 are found in [KP-84], pp. 219-220. We use 
the notation rjn for 'q{nT) : 

C02 = —5 , Coo — C04 = — , Cii + Ci3 = , 

V V6 m ??l/2 

^1/12 

Coo + C04 - 2C02 + 2C20 - 2C22 " 



(6.8) 



The behaviour under S and T transformation is also outlined by the authors. For example, T transforms 
the third equation into 

Vl/2 V2 
Cll - Ci3 = ^ , 

where we discarded e""/^^ on both sides. Similarly, (ie r ^ r + 6) transforms the last equation into 

f]^ 3 
(coo + C04 + 2co2 + 2c2o + 2C22) = - ^^ 2^^% , since r?i/2 ^ e*'^/^^. (6.9) 



^ '^1/12 Vi/3 Vi/2 m 



Furthermore, 



Coo 


s ^ 


1 

2V6 


C04 


s ^ 


1 

2V6 


C02 


s ^ 


1 

2V6 


C20 


s ^ 


1 


Coo 


s ^ 


1 

2V6 



(6.10) 



2-(2coo + 2C04 + 4C02 - 2C20 - 2C22) 



and so 



Coo 



+ ^04^ ^yj(2coo + 2co4+4co2+4c2o + 4c22) =j^,^{ ,. ) 



■ni/i2Vi/3' (6.11) 
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since ry„ ^J—iTjn ryi/„ for rational n. We thus find 

4 ^^3(0|6t) 



Coo + C04 — 9 2 1 — 9 

1 _ i94(0|2t) 

^2(0|6t) 



Coo — Co4 = — = 7 

r?2 ?7 



C02 



C20 + C22 = 2^(^^;^-a?3(0|6r)-^2(0|6r)) =^(^3(0|r/6)-^3(0|3r/2)^ ^ 
C20 - C22 = 4.(1^ - i?3(0|6r) + i?2(0|6r)) = ^ (^4(0|t/6) - ^4(0|3r/2)) = -i^^^^dl^), 
where we have used lemma 6.21, 6.23. Thus 

1/3 1/12 

C20 = V^3(2t|6t) = ^i-_^2(r|6r) 

1/3 V12 (6-12) 

C22 = ^^2(2r|6r) = 'i-^i}^{r\&r). 

6.3 Relation with 1^ theory 

With the above values of the string functions, we shall show some coincidences of the characters of 4^ 
theory with those of 1^ theory. We first note: 



(6.13) 



Om - Om+2i = ^(-I)"g3("+fl)'y2(n+^) = g(f )V3yf| ^^(2^ + |6t) 



0m + Om+12 + 0m+24 + 0m+36 = E 9*^"+^^ = q^"^^ ^'v^^ + '^)\^) 

0m-0m+12 + em+24-0m+36 = E(-l)"9^^"+^^'2/"+^ = g^t)'/^?/^^ t?4(^ + ^)| f ) 

+ 6'm+i2 - 6'm+24 " Om+36 = J2 ("+i^)''y"+T5 , 5^ ;= +^ +^ _^ _ for n = 0, 1, 2, 3 mod 4 
forTO = 2mod8: = ^(g e2'^*)3("+ra)'y"+S 

= ^(f )V3+3/16y- _JM_ ^3(, + (3 + ^)^|3^) ^3(^ + (3 _ ^)^|3^) 

and for m = -2 mod 8 : = E(-l)"(<7 e^'^O^^^+^^'y"^^ 

= ^(f )V3+3/16y- ^,(^ + (3 + ™)^|3^) ^^(^ + (3 _ ™)^|3^) 

The trick for the last formula is the same as in the special case leading to (6.18). 
Thus, using lemma 6.27: 



A + D = 2co2 ^?2(2z|6r) + (coo + C04) ^3(2^|6r) = ^Mz\3Tf = A^^^e theory] 
B + E =2^^V^!^3(^ + ^|3^)2 = 5^(16 theory] 

C + F =!l^!lfli),{z + 2r\3rr = C^jie theory] 



4/3^4/3 

G = C22 q^y^ -dsC^z + t\6t) + C20 q^y^ '&2{2z + t\6t) (6.14) 

= ^3(^|3t) Z?3(2 + t|3t) = A5[i6 theory] 

5/6 

H =^ Mz + r\3T) Mz + 2t\3t) theory] 

2/3 2/3 

/ = 1?3(^|3t) Z?3(2 + 2t|3t) =^qi« theory], 
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where the rhs's are taken from (4.7). In particular, this implies {A + D)H = GI, etc, and for the orbits: 



4"^ theory 


1® theory 


NSi + 3 NSt 


= NSi 


NS2 


= NS2 


NS3 + NS13 


= NS2 


i NS14 = NSio = NSg + NSg 


= NS3 


NSi5 = NSi2+2NSii 


= NS4. 



These relations will be useful for the study of Gepner models with mixed levels, in particular the 1^4 
theory. 



6.4 Characters at z = 

We now study the orbits at the special value of 2; = Note first that at this value, 6m = ^m,24(f , ) = 



e2ni^q(^+m)/24 ^g((m ^ 2)t|24t), as well as: 



^8 = ^-16, 6-22 = —614, 6-10 = —62 

6m + 6m+12 + 6m+24 + 6m+36 = e^-^ g(^+™)/24 ^^(m + 
6m + Om+12 - 6m+2A - 6m+Z6 = e^^'^^Y^^n + , 



(6.15) 



where 5„ = +, +, — , — for n = 0, 1, 2, 3 mod 4. Without we would recover the sum of the four theta 
functions with only + signs. Note that ^„ can be removed if we replace q^/'^ with —q^/"^ in the sum and 
additionally multiply the sum by some root of unity, since (— l)i("+'K)^+"+-re = i^+'w j3n^+(2+^)n_ 
For m = 6 or —2, we recover e~2'^'/^^5„. Thus we obtain the last line from the sum with only + signs by 
inserting — g^/^ in the latter's result. For m = 6 and —2: 



76 -I- 1718 - 
-2 + ^10 



'-18 
922 ^ 



-6 
-14 



-iq 



q 12 ??(|) 

On the rhs, replacing q^/'^ with —q^/"^ in q~^ »?(''"/2) yields: 
g-ra ]J(l-(7")(l-g"-i/2-) _^ g-2Wi6 q-^ ]J(l-(7")(l + g"-i/2) ^ g-2xi/i6 ^-^ 

Thus: 



(6.16) 



7?(r/2)j?(2T) 



+ ^18 — 6-18 — d-a 

6-2 + ^'lO — 622 — 6-14 

This will be useful for the characters K,L,N,0. 



-I q 



ri{r/2)r,{2T) 



(6.17) 



(6.18) 



r,(r/2)r,(2r) ' 
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With lemmas 6.29,6.31 and 6.33 our characters at 2; = reduce to 



A = 



1 
1 

2ri^ 



z?2(O|6t)(0_i2 + 012) + MO\Qr){eo + 624) + i?4(O|2t)(0o - O24) 
t?2(0|6T)(-gi/^)t?3(2r|6r) +i?3(0|6t) i?3(t|6t) + ^?4(0|2r) ^?4(t|6t) 



-1/12 



-1/12 „2 



B =C = D ^ E = 
F 



H =0 



2^i?3(r|6r) (^_2o + 04) + ^M^r\6T) {0.s + 0m) = 



I = 



g-27i-i/6 g-1/12 



J =Ci3(6'_22+6ll4)+Cii(6'_io+6l2) =0 

= i(cn + Ci3)(^^_i4 + 9-2 + ^10 + ^22) + 5(C11 - Ci3)(-e-14 + 0-2 + ^10 - ^22) = e-2-Vl2 g-1/12 

L =M = 7V = 
O =-iq-^n\ 

Plugging these values into the orbits NSi yields NSi = 2q~^/^, NSi = —q~^/^ {i = 2,..., 6), while 
the remaining NSj vanish {j = 7, ...,23). We thus recognize from (2.7) the graviton, massless and 
massive orbits respectively. Also, the value of the elhptic genus at z = is $(0) = J2'i=i — 
Eti A I - gi/''NS,(i±^)p = X;i=i Djf = 4Di + D2 + --- + De = 24, which is the correct coefficient 
for a K3 model (3.1). 



6.5 Characters at 2; = 0: 

In order to compute the functions Fj or the Dirac genus, we set 2; = 0, in which case 



Om =^m,24(i,0)=E9''^"+^^' ='7^^^'/'^3(T|24T) = f 

(for m = -10,-2 :) = ^cJ^^K""?)' = e-2'^»(t)V3 E(_i)n(_^i/2)|(n-|)= 



V 



m/2 m ■ 



where 5n ■= +, +, —, — and the last line is obtained by replacing g^/^ by in r?(T/2) (same trick as 

earlier). 

With lemma 6.27, the characters at 2; = take the following values: 



A = 2^t?3(0|3T)2 + ^i94(0|2t) MO\Qr) =: Ai + A2 
B = F i?3(r|3T)2 + ^ a?4(0|2T) t?4(2r|6r) =: Bi + B2 



27,2 

C = E = B\ — B2 

D =Ay-A2 



(6.19) 
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G = / = V ^3(0|3r) ^?3(t|3t) 
H = t?3(r|3r)2 = 2Si 

•^ = ^ ='^J^i^^\'-T) + l=--J^ + l (6-20) 

^ = =2;fe^2(0|f) 

M = 7V =Ji-\. 

We did not succeed in factorizing them, as we did for the 1^ and 2^ theories. The corresponding values 
for the orbits are not particularly enlightening. We only note the following coincidence: NS22 = NS23 = 
2Ai{J^ — \) + ALJiBi. Due to 2.7, this equality holds in general (not only at 2 = 0) since F22 = F23. 

Thus we shall also refrain from giving here horrendous expressions (unfactorized) for the functions Fi 
and the Dirac index. But they can be easily written down on the basis of the above information. For 
instance, proving the value of the Dirac index (3.3) boils down to verifying its coefficient at = 0: 

Eti A NS»(0) = -2 NSi + 2 NS2 + 6 NSs + 3 NS4 + 6 NS5 + 3 NSg 

= 32Bf - 4Al - 12A1AI - 48BiB| + iG^ + 24G{AiBi + A2B2 + JiL) + 24Bi + l2AiL^ 
= 2'-^ 



which is an arduous manipulation with theta functions identities (left to the reader). 

6.6 Lemmas and arithmetic results: 
Lemma 6.21. 

Mz\r) = i?3(2^|4t) + i?2(2^|4t) 

(6.22) 

Mz\t-) = i?3(2^|4t) - i?2(2^|4t) 
Proof. Directly from Fourier expansion. □ 
Lemma 6.23. 

^2(0|t) = i92(0|9t) + 2gi/2 ^?2(3r|9T) 

^3(0|t) = i?3(0|9t) + 2gi/2 ^3(3^|9^) (6.24) 
i?4(0|t) = i94(0|9t) - 2gi/2 '!?4(3r|9r) 
Proof. Idem. For instance, the middle line goes like 

Ihs = g(3")V2 + q{3n+lf/2 _^ ^ ^(3n+2)V2 = ^ q{3nf /2 + 2 ^ qi^n+lf /2 ^ ^.^^ 



Lemma 6.25. 



Ml\^) = ^3(0|6t) - gV3 ^3(2r|6r) = i?3(0|6t) - gVi2 ^s{t\6t) 
Mh^) = -MO\Qr) + gV3 ^2(2t|6t) = -i?2(0|6t) + gVi2 ^3(r|6r) 



□ 



(6.26) 
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Proof. Idem. For instance, the first line: 

Ihs = ^ g"V3g2W3 ^ ^ g3nV3 ^ (g2«/3 ^ g-2.i/3^ ^ g3(n+i)V3 ^ ^hs. 



□ 



Lemma 6.27. 



(6.28) 



Proof. Idem. For instance, the first hne: 

Ihs = Yl = Yl = rhs, 

Z2U(Z+i)2 Z2 

where we made the substitution k = m + n, I = m — n. 

For the second Une, one just needs to introduce (—1)^" and (—I)*'"' in the two sums respectively. □ 



Lemma 6.29. 



■!?3(0|6r) ^?3(r|6r) -a?2(0|6T) i?2(r|6r) = g-Vi2 ^2 

(6.30) 



t?3(0|f ) ^4(T|f ) -^4(0|f ) ^3(T|f ) =-2q-y^rj^ 

Proof. The first line is just lemma 6.27 with z = and {z'\t) replaced by (1 + t\6t). The second line is 
obtained from the first by S transformation, ie r — > — l/r. The third line is obtained by rewriting the 
second line as ab + cd = {a + c){b + d)/2 + (a — c)(6 — d)/2 and using lemma 6.21. The fourth line is 
again an S transformation of the previous line. Applying the rewriting trick on this last line, we would 
of course fall back on the first line. □ 

We note that the first line in Fourier series gives us an interesting formula: rf' = ^(— l)"qi3(7i^+m^) 
where (m, n) e (5, ^) U (0, g) + Z^. This is to be compared with the previous formula 4.5. The crucial 
difference is that we presently have a positive definite quadratic form in the exponent of q, whereas 
previously the form was indefinite (this accounts for the extra constraint on x,y there). 

In the first line, use lemma 6.23 to replace 2gVi2 ^3(r|6r) by i?2(0|^) - i?2(0|6r) and similarly for 
2gV^2 ^2(t|6t), and obtain: 

Lemma 6.31. 

^?2(0|f ) ^93(0|6r) - ^3(0|f ) MO\Qr) = 2rj^ 

Mo\^) ^3(o|i) - Mom MO\i) = 4r?^ 

where an S transformation connects the two lines. Unlike in the previous lemma, performing the 
rewriting trick will not give two more variants; here this trick is just equivalent to the S transformation 
itself. 

Now, in the third line of lemma 6.29, use lemma 6.25 to replace M^l^) by -i?2(0|6r)+qi/3 d2{2T\6T) 
and similarly for i^si^]^), and obtain the first line of 



29 



Lemma 6.33. 

^3(0|f ) i?3(t|6t) -^2(0|f ) ^2(r|6r) = q-^^^ rf 

^3(0|^) ^3(i|i) -U^mUWl) =2r?^ 

i?3(0|6r) i?2(ilf ) +t?3(0|6r)^3(ilf) = r?^ 

^4(0|i) ^3(r|^) -i?3(0|i) a?4(r|^) =g-V3 

Proof. Again, the successive lines are obtained by S transformation, the rewriting trick, and S transfor- 
mation. □ 



7 Computations in Mixed Theories 

Wc have met with success the construction of N=4 characters in pure Gepner models like 1^,2^,43 
theories. Other Gepner models for the N=4 SOFT on Ki are mixed tensor products of N=2 theories, like 

1^2^, 1''4, 1^4^, 2 6^, 1 2^4, AU these products fc"V . . fc""" are formed with the requirement that the 

central charge equal six: c = ^ '^«F+2 ~ ^- ^® shall investigate the first three cases of such theories with 
mixed levels fcj and see that they do not necessarily share the previous structure characteristic of pure 
theories. Specifically, the notion of gravitational, massless and massive orbits, with values at ^; = 
equal to 2q~^/^, —q~^/^ and respectively - expected from (2.7), only applies to models like the 1^4 
or 1^4^ theories below. The other CY twofold, the complex torus, gives a model whose orbits all vanish 
at ^; = , yielding a zero Euler characteristic as in the 1^2^ theory below. 

7.1 Computations in 1^2^ Theory 

The NSj orbits are tensor products of three orbits from the k = l theory (section 4) and two orbits from 
the k = 2 theory (section 5). The former theory has characters A, B, C (with powers oi y in Z + 0, |, | 
resp.), while the latter's characters we denote by A, B, C, D, E, F (with powers of y in Z + 0, ^, 0, ^, — j, ^ 
resp.). In order to have only integer powers of y and cyclic permutation in the orbits, the only possible 
combinations are products of ABC, A^ + B^ + with AC + BD, EF, A^ + C'^ + B^ + D"^ . Each of 
these products vanishes at z = so all orbits are massive and the Dirac index vanishes. This is to 
be expected as both the 1^ and the 2^ theories are toroidal models (with complex and Kahler moduli 
T = p = e^wi/s r = p = i resp.), hence so is their tensor product. That is, the target space of the 
sigma model is not K3 but a complex two-torus. 
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7.2 Computations in 1^4 Theory 

We denote the characters of the fc = 4 theory by a bar over the letters. Our usual two rules (integer 
powers of y and invariance under cyclic permutation) restrict the orbits to be of the following form: 



NSi = A^{A + D)+ B'^iB + E)+ C^{C + F) 
NSa = A^B{B + E) + B^C{C + F) + C^A{A + D) 
NSg = A^C{C + F)+ B^A{D + A) + C^B{E + B) 
NS4 = A^B'^G + B'^C'^H + C^A^I 



NS5 = ABC{AH + BI + CG) 

= A^H + B'^I + C'^G 
NS7 = A^Bi + B^CG + C^AH 
NSs = A^CG + B^AH + C^BI 



Due to the relations between the 4^ characters and the 1^ characters established in (6.14), the orbits 2,3,4 
are equal, and so are the orbits 6,7,8. Thus we obtain consecutively the orbits NSi, NS2, 3 NS3 and NS4 
of 1^ theory (4.10), which proves the equivalence of both models! 

The coefficients D, = Si^i/Si^i defined after (4.11) are (1; 4,4,12; 24; 2,8,8), where 5'i,i = (6; 6, 6, 3; 3; 3, 3, 3) 
are the numbers of terms in each orbit and Sij = (1;4, 4,6; 12; 1,4,4) is S'i_i times the number of per- 
mutations of the factors in any term of orbit NS^ (look only at the 1* factors). Thus for the Dirac index, 
we have correctly -2 NSi + (4+4+12) NS2, as in (4.19). 



7.3 Computations in 14 Theory 



This time, we are even allowed to include the characters J,K,..,0 from the k 
take the form 

NSi = ^2(^2 + D^) + B''{B^ + E'^) + (7^(0^ + F^) 

NS2 = A^{L'^ + O^) + b2(J2 ^ ^2) ^ ^2(^2 ^ ^2) 

NS3 = A^{B + E)G + B'^{C + F)H + (7^(5 + A)I 
NS4 = A^{C + F)I + B'^(D + A)G + C'^{E + B)H 
NSs = ABG'^ + BCH'^ + CAP 

NSe = AB{AB + DE) + BC{BC + FF) + CA{CD + FA) 
NS7 = AB{LJ + 6M) + BC{MK + JN) + CA{NL + KO) 

NSs = A^H'^ + B^p _^ c'2q2 j^g^^ ^ ^2^^ ^ ^2^^ ^ (^2^^ 

NSg = ^£((7 + F)G + BC(A + D)H + Cyl(S + £)/ NSis = A^LO + JM + C^KN 

mio = ABHI + BCIG + C AGS NS19 

NSii = A^ {BC + £;F) + B'^{CD + FA) + C'^{£>F + AB) NS20 

NS12 = A^ (BF + ^(7) + ((7A + FD) + G^ {DB + IS) NS21 

NS13 = A^/G + B'^GH + C'^HI NS22 

NS14 = yl^(v4 + 5)J5' + B2(B + ^)J+(72((7 + F)G' NS23 

NS16 = AB{B + E)H + BC((7 + F) J + CA{A + D)G NS24 

NS16 = AB{A + 5)7 + BC{B + F)G + CA{C + F)ff NS2B 

NS26 



4 theory. The orbits 



ylSGF + BGDA + GtISS 

^S(^F + DB) + BC{BF + F(7) + ^^1(5^ + FD) 
AB{LM + O J) + BC(MN + J7?) + GA(iVO + KL) 
A^{JN + M7?) + B'^KO + TVZ) + C^(LJ + OM) 
A^{JK + MiV) + ^^(A'L + NO) + ^^(LM + OJ) 
ABKN + BCLO + GAJM 
AB{K'^ + TV^) + BC{U + O^) + GA(J2 + iV^) 
ylS((7^ + F^) + BG(5^ + A^) + GAiE"" + S^) 

1/4. 



At 2: = ^Y^, the first two orbits give 2q and — 2<7 ^Z"* resp., while the next five orbits give q 
the other orbits all give 0. This embarrassing second orbit prevents us to classify it as either a graviton 
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massless or massive orbit. The coefficients A are (1,1,2,2,4,4,4; 2,4,8,2,2,4,2,4,4; 4,4,4,4,4,2,2,8,2,2). So 
the value of the elliptic genus at = is $(0) = A l^-KO)!^ = EiLi Djf = 4£>i + 4D2 + Ds + 

h -D7 = 24, so this is a K3 model with the appropriate Euler character. 

Due to the relations between the 4^ characters and the 1^ characters established in (6.14), we find 
the following relations between the orbits: 



1^42 theory 


4^ theory 




1242 


theory 


4^ theory 


1242 th. 


4^ theory 


NSi 


NSi + NS7 


NS8 = 


= NS9 


= NSio 


NS14 


= 3 NSio 


NS18 


NS17 


NS2 


NS4 + NSe 






NSn 


2 NSj 


i 


NS19 


NSn 


NSs = NS4 = NS5 


NSs + NSis 






NS12 


NSg + 3 NSg 


NS20 


NSis 


NSe 


NSs 


NSi3 = 


NS14 


= NSi5 


NS15 


= NS12 + 2 NSn 


NS21 


NS21 


NS7 


NSs 






NSie 


NS7 




NS22 


NS22 + NS2S 










NS17 


NS15 




NS22 


NS19 + NS20 
















NS24 


NS18 
















NS25 


NSie 
















NS26 


NS12 



In addition, some of these orbits match even those of 1^ theory: 



1^4^ theory 


4^^ theory 


1*' theory 




NSi + 2 NS16 


NSi + 3 NS7 


NSi 


NSs = NS4 = NS5 


= NSe + NS20 


NSa + NSia 


NS2 


NSs 


= NSg = NSio 


NS14 = 3 NSio 


3 NSs 




NSn+NSi2 


3 (NSs + NSg) 


3 NSs 


NSis = 


= NS14 = NS15 


NS15 = NS12 + 2 NSn 


NS4 



A Appendix: Theta functions of given characteristic 

A holomorphic function T : C — > C is called a theta function with period r and characteristic (oi, 61; 02, 62) 
if it is almost periodic on the lattice, ie if it transforms according to 

T{v + 1) = e'''''+^'T{v), and T{v + r) = e^^^+^'Tiv) (A.l) 

We call n := (air — a2)/27ri the degree of the function. 
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For example, the following functions are all theta functions with characteristic and degree 



2^1/2 


(0, in; 0, zttt) 







Mv) 


(0, in; —2ni, 


-inir+l)) 


1 


Mv) 


(0, in; —2ni, 


—inr) 


1 


My) 


(0,0 


~2ni,- 


inr) 


1 


My) 


(0,0 


-2ni,~ 


in{T+l)) 


1 


MM'^t) 


(0,0 


—Ani, - 


2niT — in) 


2 


MM'^r) 


(0,0 


—Ani, - 


2niT) 


2 




(0,0 


—Ani, - 


2niT) 


2 


MM'^t) 


(0,0 


—Ani, - 


2niT — in) 


2 


Mv)^ 


(0,0 


—Ani, - 


2niT) 


2, 



= !,•••, 4 

Note that characteristics add up when multiplying theta functions. Note also that 'dz{nv\nT) and i?3(w|^) 
are of degree n and characteristic (0,0; — 2n7ri, — riTrir). As another example, consider the character 
functions of the level k and isospin / representation of affine su{2) algebra [ET-88-2]: 

„(i+l/2)V(fe+l/2)-l/8 



Xfe(y) := 



71-1^ 



(/c+2)m^ + (2(+ 



meZ 



Dm 



2m{k+2)+2l 



y 



-2m(fe+2)-2(-2 1 



(A.2) 



This is a theta function of characteristic (0, 0; —Akni, —2kinT) and degree 2k, ie it transforms like 

Xkiv + r) =q-''y-'^''Xk{v)■ 
Ea,ch theta function can be multiplied by trivial theta functions (ie of degree 0) so that the resulting 
characteristic reads (0,0;— 27rm, 62) where n the degree (an integer). For fixed 62, this is a vector space 
of dimension n as can be seen from the fact that contour integration around one lattice cell yields n 
zeros for T: P — Z = §T' /T = if dlogT = —n. We denote this complex vector space by 7^,62- For 
62 = — nTTiT, it's spanned by i9s{nv\nT), y {)^{nv + rlnr), . . . , y"^"'" "d^^nv + (n — l)Tjnr). 

Thus for instance, all degree 2 theta functions of characteristic (0, 0; —Ani, ~2niT) should be express- 



ible as linear combinations oi'di{v)'^ and 'dz{v)'^ (or any two of the "(}i{v) 



1, . . . , 4) with r-dependent 



coefficients. This was the case for the N=4 massless NS characters (2.2), for '&2{v)'^ or t?4(u)^ as in (B.18), 
or for the level 1 5^(2) theta functions: 

.7-1/24 



x\{y) ■■- 



E; 



,3m +m {^,Qm 



1/2/ \ 

Xi [y) 



nn^i(i-9")(i-yV)( 
n„>i(i - - - y-^q""-') 



y 



-6m- 2 



M^y\^r) 

V 
V 



(A.3) 



The right hand sides can be obtained by noting that these too belong to 72.-27riT (and by checking the 
equalities at y = 1, q^^^ say). Alternatively, they arc reproduced by the quintuple identity (B.16). 

Similarly, any element of 72,_27riT can be spanned by the N=4 characters chg 1 and ch^^, as was done 
with the NS orbits in (2.7). 
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B Appendix: Formulae for theta functions 



These are standard definitions and formulae for theta functions. Some of this material is drawn from 
Appendix A of [K-97]. 

Definition 



^ibMr) = 9^^""*^ e^'^^^-s)!"-!) , (B.l) 
nez 

where a, b are real and q = e^'^*'". We also set y = e^'^*". 

Periodicity properties 

d']HT)=^[?](^|r) , nt,+2]iv\r)=e^-^^[t]{v\r), (B.2) 

nZt]{v\r)=nbK-v\r) , n-v\r) = e'^^^Mr) {a,b G Z) . (B.3) 
In the usual Jacobi/Erderlyi notation we have i?i = ■!?[}], i?2 = '&[o], i?3 = '&[o\, '^4. = 

Product formulae 



Mv\t) = E = 2q^ cos[7rw] n(l - + 9"2/)(l + 

Mv\r) = E(-i)>"'/V = n(i - 9")(i - - V) 



5?; 



i;=0 



r 



(B.4) 



(B.5) 



Define also the Dedekind Tj-function: 

7?(r) = - 9") = 9^ ^4(t/2|3t) = -iq'^ i9i(r|3r) = i92(J|^) 

n=l ^ 
= 9^ ^(-l)"g"(3n+l)/2 

Z 

It is related to the v derivative of 

=: = 27r ?7^(t) (B.6) 



and satisfies 

v(--]= V^Tlir). (B.7) 



The other t;-derivatives yield (at v = Q): 

^'1 = = 7?'2 = 1?3 = • (B.8) 



t;-periodicity formula 
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£2 






-1- 


" 2 


= e 



= ft 4 



-(2u-6)- 



(B.9) 



= _ib+lq-l/Sy-l/2 ^[-21\{V) (B.lO) 

= (-1)" 'd[t]{v) 

That is, is a thcta function of characteristic (0, ittq,; — 27r't, — ?'7r(T + 6)) and degree 1, see appendix A. 
At the half-periods {v = 0, ei,2 = 0, 1), we are back to the theta constants ("Theta NuUwerte"): 





= 1?2 


Mi) 


= iq 


-1/8 ^4 






= 


Mi) 


= q~ 


1/8 ^3 




m) 




Mi) 


= q~ 


1/8 ^2 






= ^3 


Mi) 


= 







= _ig-l/8 ^4 

= 



(B.ll) 



At the quarter periods, we have 



M^^) 



-^M"^) 



v{r/4:) T] 
r?(r/2) 



v{r/2)' 
r?(T/4) 



(B.12) 



Useful identities 



nez 



„>i 



(B.14) 



a?2l?3l?4 = 2 77^ 

^3(-^|r) Mz'\T)+Mz\r) Mz'\t) = M'^H) M'^H) 

Mz\r) Mz'\r) - Mz\r) Mz'\r) = M'^H) M'^H) 

Mv\r)^ - Mv\t)^ = Mv\r)^ - M'"\t-)^ 
For V = 0, the latter is but Jacobi's abstruse identity: 

'&i = ^i + M (B.15) 

A more elaborate formula is the quintuple identity: 



35 



Here are few instances of Riemann addition formulae: 

(B.17) 

About twenty such formulae can be found on p. 20 of [M-82]. As special cases {u = 0, 1/2), we recover 
formulae that generalise Jacobi's abstruse identity: 



(B.18) 



Duplication formulae 

,?2(0|2r) = -^^^i-i?I , ^3(0|2r) = -i=y^iT^, (B.19) 



t?4(0|2T) = V^?^ , r?(2r) = y^. (B.20) 

The last two of these are readily seen, while the first two follow from (B.13) and from the next properties 
(most can be derived using the product form for ^?): 

^2 = 2(7i/«i92(T|4r) = 2(7i/8t93(r|4r) 

Mv\t) = MM'^t) - i?2(2u|4t) (B.21) 

^3+^i = ^3(0|T/2)2 

^2^3 =hMO\i? =2gV8^3(||2r)2 =2(r;Vr?(i))' 

^2^4 =q-'^^Ml\if =2gV8^3(i±r|2r)2 = 2 {r^{^) n{2r)/vf (B.22) 

^3^?4 =Ml\lf =i?4(0|2t)2 = (^V??(2t))' 

Heat equation 

The t?-functions satisiy the following heat equation 

1 92 ^ g 



(27ri)2 dv"^ i-K Ot 



nt]iv\r) = 0, (B.23) 



as well as 



^|=a.log.2 = g(i^2+^^ + ^^), (B.24) 
=a.log^3==^(i?2+^^-^^), (B.25) 
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^|=a.log^4 = ^(i?2~^^-^^), (B.26) 
where the E2 is the second Eisenstein series. We note that (B.24) can be rewritten as 

9rlog^ = '^{4 + 0, (B.27) 

and more generally for {a,b) ^ (1,1): 

The Weierstrass function 

p{z) = 4m dr log 7?(r) - log i?i {z) = ^+ 0{z^) (B.29) 
is even and is the unique analytic function on the torus with a double pole at zero. 

p{-z) = p{z) , p{z + 1) = piz + t) = p{z) , (B.30) 

P{z,t+1) = p{z,t) , p (-,--] =T^ p{z,t). (B.31) 



The constant of z in (B.29) has been chosen so as to cancel the z^ term in the Laurent expansion, and 
it equals also 

_7r2 1 ,q"' 

Am dr log tj{t) = — E2 = -^. (B.32) 
Alternatively, performing the logarithmic derivative in an appropriate branch, we can express (B.29) as 



where the constant equals — ^ — —4:nidr log ^ = ^(^?2 ~ ''^t)- 

If we divide the intervals [0, r] and [0, 1] into n parts and consider the regular grid (on the fundamental 
lattice) marked by the points (s + rr)/n for s, r = 0, . . . , n — 1, the p-values at these points transform 
into each other under the action of SL{2, Z): 

/ s + rr \ T f (s + r) +rT \ 

( ) X / X (B-34) 

s + rr \ s / —r + st 1\ 2 I "'^ + ^ 
P — I ' = P ,r 



n J \ TIT T J \ 

Putting all these p-values - except s = r = - into a vector with r? — \ components, we obtain a 

vector-valued modular form of weight 2. Summing all components yields 0, as there is no modular form 
of weight 2: 

EV(i^)=0. (B.35) 

where the prime indicates exclusion of s = r = 0. For n = 2, this is the well-known identity for the 
half-periods, 

p(l/2) + p(t/2) + p((l + t)/2) = 0, (B.36) 

also derivable from (B.33). 
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